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ELEMENTARY SUBMODELS 



MAREK CUTH 

Abstract. We introduce an interesting method of proving separable reduction theorems - 
the method of elementary submodels. We are studying whether it is true that a set (function) 
has given property if and only if it has this property with respect to a special separable 
subspace, dependent only on the given set (function). We are interested in properties of sets 
"to be dense, nowhere dense, meager, residual or porous" and in properties of functions "to 
be continuous, semicontinuous or Frechet differentiable" . Our method of creating separable 
subspaces enables us to combine our results, so we easily get separable reductions of function 
properties such as "be continuous on a dense subset" , "be Frechet differentiable on a residual 
subset", etc. Finally, we show some applications of presented separable reduction theorems 
and demonstrate that some results of Zaji'cek, Lindenstrauss and Preiss hold in nonseparable 
setting as well. 



1. Introduction 

The method of elementary submodels is a set-theoretical method which can be used in 
various branches of mathematics. A.Dow in [2] illustrated the use of this method in topology, 
W.Kubis in [3] used it in functional analysis, namely to construct projections on Banach 
spaces. In the present work we slightly simplify and precise the method of elementary sub- 
models from p] and we study whether this method can be used to prove separable reduction 
theorems which had not been proven by other (more standard) methods. 

As an success in this way may be considered the following three results. First, we show 
that porosity is a separable determined property. Second, we extend the validity of Zajicek's 
result |1H Proposition 3.3] from spaces with separable dual to the general Asplund spaces. 
And finally, we extend the validity of Preiss's and Lindenstrauss's result [Gj Theorem 4.8] 
from spaces cq and C{K) with a countable compact K to the spaces cq{T) and C{K) with a 
general scattered compact K. 

It seems that the main advantages of the concept of elementary submodels are: 

• finite number of results may be combined 

• the results may be used for more than one space at the same time (having two spaces 
X and Y which are dependent on each other in some way, we are able to use results 
for the spaces X, Y and combine them together). 

Thus, the real strength of this method is revealed when we have proven enough results to 
combine them together. 

The structure of the work is as follows: first we introduce elementary submodels and show 
some general results about them. Then we point out how this method is connected with the 
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question of separable subspaces. Next, we collect properties of sets and functions which are 
separably determined. In the end we produce two extensions of the results contained in [11] 
and [6] using the method of elementary submodels. 

Below we recall most relevant notions, definitions and notations. 

We denote by to the set of all natural numbers (including 0), by N the set oj \ {0}, by M-|- 
the interval (0, oo) and Q+ stands for M-|- fi Q. Whenever we say that a set is countable, we 
mean by this that the set is either finite or infinite and countable. If / is a mapping then we 
denote by Rng/ the range of / and by Dom/ the domain of /. By writing f : X ^ Y we 
mean that / is a mapping with Dom f = X and Rng f CY. By the symbol / \z we mark the 
restriction of the mapping / to the set Z. The closure (resp. interior) of a set A we denote 
by A (resp. Int (A)); the interior relative to a subspace Y we denote by Inty (A). 

If {X, p) is a metric space, we denote by U{x, r) the open ball, i.e. the set {y € X : p(x, y) < 
r}. We shall consider normed linear spaces over the field of real numbers (but many results 
hold for complex spaces as well). If X is a normed linear space and ^ C X, we mean by 
conv^ the convex hull of A, by clyo{A) the weak closure of A and by span^ the linear span 
of A. Sx is the unit sphere in X, i.e. the set {x & X : \\x\\ = 1}. X* stands for the dual 
space of X. By C{K) we mean the space of continuous functions on the compact space K. 

2. Elementary submodels 

In this section we introduce the method of creating sets with some special properties 
using elementary submodels. First we define what those elementary submodels are. Then 
we show which properties they can have. The method discussed in this article is based on a 
set-theoretical theorem 12.21 It is a combination of the Reflection Theorem and Lowenheim- 
Skolem Theorem. We refer reader to Kunen's book [5, where further details can be found. 

The idea to use this method in functional analysis comes from the Kubis's article [3]. Some 
of the following results are therefore based on this article and slightly modifled to our situation 
(namely lemma 12.51 and propositions 12.91 13.21 13.41 and 13. Sp . 

Let us flrst recall some definitions: 

Let be a fixed set and (f> formula. Then relativization of 4> to N is a formula 4>^ which 
is a formula obtained from (p by replacing each quantifier of the form "Vx" by "Vx G A^" and 
each quantifier of the form "3x" by "3x G iV". 

As an example, if 

(j) := Mx My 3z {{x £ z) A (y € z)) 
and N = {a,b}, then the relativization of the formula (f) to N is 

(j)^ = \fx e N My £ N 3z £ N {{x £ z) A {y £ z)) 

It is clear that (p is satisfied, but (/)^ is not. 

formula with all free variables shown, then (/> is absolute for N if and 

only if 

Vai, . . . ,a„ e TV (0^(ai, . . . ,a„) o 0(ai, . . . ,a„)) 

A list of formulas, . . . , 0„, is said to be subformula closed if and only if every subformula 
of a formula in the list is also contained in the list. 

Any formula in the set theory can be written using symbols £, =, A, V, -■, 0, 3, (, ), [, ] 
and symbols for variables. Let us assume a subformula closed list of formulas (/>!,..., 0„ is 
written in this way. Then it is not difficult to show, that the absoluteness of cpi, . . . ,(j)n for 
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in other words says, that those formulas don't create any new sets in A^. This result is 
contained in the following lemma (a proof can be found in [U Chapter IV Lemma 7.3]): 

Lemma 2.1. Let N be a set and 0i,...,</>„ subformula closed list of formulas (formulas 
containing only symbols €, =, A, V, 0, 3, (, ), [, ] and symbols for variables). Then the 
following are equivalent: 

(i) (/>!,..., (pn 0.1"^ absolute for N 

(ii) Whenever (f>i is of the form 3x(f)j{x, yi, . . .yi) (with all free variables shown), then 

\/yi,...yi G N[3x {4>j{x,yi, . . . yi)) {3x G N){(t)j{x,yi, . . .yi))] 

The most important result from the set theory for us will be the following theorem (a proof 
can be found in [H Chapter IV Theorem 7.8]). 

Theorem 2.2. Let 0i, ...,(/>„ be any formulas and X any set. Then there exists a set M Z) X 
such, that 

. . . ,(j)n are absolute for M) A | < max((x', \X\)) 

The set from previous theorem will be often used throughout the paper. Therefore we will 
use the following definition: 

Definition. Let 0i, . . . be any formulas and let X be any countable set. Let M Z) X 
be a countable set satisfying that (/>i, . . . , 0„ are absolute for M. Then we say that M is an 
elementary submodel for (/)!,...,(/>„ containing X. We denote this by M -< {(pi, ^). 
The relation between X, <j)i, . . . ,<j)n and M is often called the elementarity of M. 

Using lemma 12.11 it is easy to see that the countable union of a monotonne sequence of 
elementary submodels is also an elementary submodel. 

Lemma 2.3. Let ipi, . . . ,ipn be a subformula closed list of formulas and let X be any countable 
set. Let {Mfcjfcg^ be a sequence of sets satisfying 

(i) Mi C Mj, i<j, 

(ii) V/c G a; : Mfc ^ ...,(/?„; X). 

Then for M := IJfcGw ^'^ true, that also M -< {(pi, ...,(/?«; X). 

Proof. It is an easy consequence of lemma 12.11 □ 

Let (/'(xi, . . . , Xn) be a formula with all free variables shown and let M be some elementary 
submodel for (f). Supposing we want to use the absoluteness of (f) for M efficiently, we need 
to know that a lot of sets are elements of M. The reason is that having ai, . . . ,a„ G M, 
the validity of (/)(oi, . . . , a^) and (p^ {ai, . . . ,an) coincides. Therefore, when working with 
elementary submodels, it is our first aim to force elementary submodel to contain as many 
objects as possible. Let's see a simple example, how this can be achieved. 

Example 2.4. Let us have the following formulas: 

(pi{x, a) := \lz{z G X -H- ((z G a) V (z = a))) 

(/?2(a) := 3x931(2;, a) 

Then for all sets M satisfying M -< ((/?i, 0) it is true that whenever we have a G M, then 
aU {a} G M. 
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Proof. Fix a £ M. Then ^52(0) is satisfied (the set x satisfying Lpi{x,a) is a U {a}). From 
the absoluteness of ip2 for M we get, that there exists x € M satisfying ipi\x, a). Let us fix 
one such x G M. It is true that ip^{x,a), and therefore (using absoluteness of (pi) (pi{x,a) 
is satisfied as well. But the only possibility how (/Ji(x, a) can be satisfied is that x = aU {a}. 
Therefore aU{a} e M. □ 

The preceeding example can be generalized to the following lemma: 

Lemma 2.5. Let (j){y,xi, . . . ,Xn) be a formula with all free variables shown and let X be a 
countable set. Let M be a fixed set, M -< {(f), 3y(f){y, xi, . . . , X) and let ai, . . . ,an G M 
be such that there exists only one set u satisfying (piu, ai, . . . , an). Then u £ M . 

Proof. Using the absoluteness of 3y(j){y, xi, . . . , x„) there exists y G M satisfying (j)^^ {y, oi, . . . , a„). 
Using the absoluteness of (p we get, that for this y G M the formula 0(y,ai, . . . ,a„) holds. 
But such y is unique and therefore u = y G M . □ 

Using this lemma we can force the elementary submodel M to contain all the needed objects 
created (uniquely) from elements of M. As an example, let us see how it is possible to force 
M to contain its finite subsets and natural numbers. 

Proposition 2.6. Let us have the following formulas: 

ifi := \/z{z G X ^ z ^ z) 
ifiE ■■= 3x(pi{x) 
ip2 := \/z{z e X -H- {{z £ u) y {z = v))) 

ip2E ■= 3xip2{x,U,v) 

Then for any nonempty countable set X holds: 

(i) IfM^ {^i,^ie; X), then £ M . 

(ii) If M ~< {1^2, ^2E', X), then for every u,v £ M is uL) {v} € M. 

(iii) If M ~< {ipi,ipiE,(p2,^2E; X), then u CM. 

(iv) If M < {<fi,ipiE,^2,^2E', X), then for every finite set s <Z M is s £ M. 

Proof, (i) and {ii) follow immediately from the lemma 12. 5t {Hi) follows from (i) and {ii) by 
induction on n; {iv) follows from (i) and {ii) by induction on the cardinality of s. □ 

It would be very laborious and pointless to use only the basic language of the set theory. 
For example, we often write x < y and we know, that in fact this is a shortcut for a formula 
(p{x,y,<) with all free variables shown. In the following text we will use this extended 
language of the set theory as we are used to. 

We will use the following convention. 

Convention. Whenever we say 

for a suitable elementary submodel M (the following holds...), 
we mean by this 

there exists a list of formulas (pi, . . . ,(j)n cmd a countable set Y such that for every M -< 
{(pi, . . . , (pn, Y) (the following holds...). 
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When using this new terminology, we lose the information about formulas (/>!,...,(/)„ and 
the set Y. Anyway, this is not important in applications. 

Remark 2.7. Let us have finite number of sentences Ti(a), . . . ,Tn{a). Let us assume that 
whenever we fix i G {1,... ,n}, then for a suitable elementary submodel Mj the sentence 
Ti{Mi) is satisfied. Then it is easy to verify, that for a suitable model M the sentence 

Ti{M) and ... and r„(M) 

is satisfied (it is enough to put together all the lists of formulas and all the sets from the 
definition above). 

In other words, we are able to combine any finite number of results we have proven using the 
technic of elementary submodels. 

Let us see some general results about suitable elementary submodels. 

Proposition 2.8. For a suitable elementary submodel M the following holds: 
Let f be a function such that f G M . Then 

(i) Dom / G M 

(ii) Rng / G M 

(iii) (Vx G M n Dom/) (/(x) G M) 

Proof. Let us fix an elementary submodel M for formulas marked with (*) in the proof below 
and all their subformulas. Let / G M be a function. Then Dom/ is an object uniquely 
defined by the following formula (this formula is the same for all functions /, / is a free 
variable in this formula) 

(*) (3Z))(Vx)(x G o (3y : f{x) = y)), 

and so by the lemma [231 Dom/ G M. Similarly, Rng / is object uniquely defined by the 
formula 

(*) (3i?)(Vy)(yGi?o(3x: f{x) = y)). 
By the absoluteness of the formula 

(*) (Vx G D) (3y : /(x) = y) 

we get that {iii) holds. □ 

In the sequel we will often start our proofs in the same way. Therefore, by saying "Let us 
fix a (*)-elementary submodel M [containing Ai, . . . , we will understand the following: 

"Let us have formulas Lfi, fiE, ^2, f2E from the proposition 12.61 and all the formulas marked 
with (*) in all the preceeding proofs (and all their subformulas). Add to them formulas marked 
with (*) in the proof below (and all their subformulas). Denote such a list of formulas by 
4>i, . . . ,(j)n- Let us fix a countable set X containing the sets w, Z, Q, Q+, M, M+ and all 
the common operations and relations on real numbers (+, — , •, :, <). Fix an elementary 
submodel M for formulas (pi, . . . ,(j)n containing X [such that Ai, . . . , An G M]" . 

Thus, having such a "(*)-elementary submodel", we are allowed to use the results of all the 
preceeding theorems and propositions. 

Using this new agreement, let us prove another general proposition. 

Proposition 2.9. For a suitable elementary submodel M the following holds: 
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(i) Let S be a finite set. Then 

S € M ^ S C M. 

(ii) Let S be a countable set. Then 

S £ M ^ S C M. 

(iii) For every natural number n > and for arbitrary (n + 1) sets oq, . . . ,a„ it is true, that 

ao, . . . , a„ G M o (oq, • • • , a„) £ M. 

(iv) IfA,Be M, then An B e M , B \ A e M and Au B e M . 

Proof. Let us fix a (*)-elementary submodel M. Let us prove that (ii) holds. Let 5 € M be 
a countable set. If 5 = 0, then S cM. If 5 / 0, then 

(*) (3/) (/ is a function from u onto S). 

Thus, from the elementarity of M, there exists f (z M satisfying 

(/ is a function from uj onto 5")*^ 

Fix one such function /. Then, using the elementarity of M again, we get that / is a function 
from oj onto S. Because / is a function with Rng/ = S and Dom/ = u C M, using the 
proposition 12.81 it is true that S C M. 

Let us prove that (i) holds. If S" G M is finite, then S" C M by {ii). If 5 C M is finite, 
then S & M according to the proposition 12.61 

(Hi) holds easily from (i) by induction on n € ct;,n > 1. It is enough to realize, that 
(ao,ai) = {ao,{ao,ai}} and {ao,...,an) = ((ao, . . . , fln-i), 

Let us have sets A,B(^ M. Then, using the lemma [231 and the absoluteness of formulas 

(*) {3C){\/x){xeC ^x£AAxeB), 
(*) (3D){yx){x e D ^ X e B Ax ^ A), 

(*) {3E){yx){x e E ^ X e Av X e B), 

(iv) holds. □ 



3. Elementary submodel in the context of normed linear spaces 

Now we are prepared for some more concrete results concerning mostly metric spaces 
or normed linear spaces (NLS for short). Before we proceed, let us propose the following 
agreements. 

If {X,p) is a metric space (resp. {X, +, ■, || • ||) is a NLS) and M an elementary submodel, 
then by saying M contains X (or by writing X E M) we mean that {X, p) ^ M (resp. 
{X, +, •, II • II) G M). If j4 is a set, then by saying that an elementary model M contains A we 
mean that A £ M. 

If X is a topological space and M an elementary submodel, then we denote by Xm the set 

xnM. 

Proposition 3.1. For a suitable elementary submodel M the following holds: 

Let {X, p) be a metric space. Then whenever M contains X, it is true that U{x, r) £ M 

whenever x G X D M and r G M+ H M . 
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Proof. Let us fix a (*)-elementary submodel M containing X. Let us have x (z X f] M and 
r £ ]R_|_ n M. Then U{x,r) is an object uniquely determined by the following formula 

(*) {3U){\/z){z eU O z£X A p{x, z) <r). 

Thus, according to the lemma [23| U{x,r) G M. □ 

The idea of the following proposition comes from [3]. 

Proposition 3.2. For a suitable elementary submodel M the following holds: 
Let X be a NLS. Then whenever M contains X and a set A C X , it is true that: 

(i) span(^) n M is closed separable linear subspace of X. 

(ii) conv(A) r\ M is convex set. 

(iii) If A is convex, then {A n M) = cl^ n M). 

In particular, Xm is separable subspace of X and Xm = c\w{X n M). 

Proof. Let us fix a (*)-elementary submodel M containing X and A. Then according to the 
proposition Ea Q C M and (M, +,-,-,:, <) G M. 

The elementary submodel M contains functions + : X 'x X ^ X and • : M x X — t- X. 
Consequently (by the proposition 12. 8|) . Xf^M\sa Q-linear subspace of X. Therefore {i) and 
{ii) holds. {Hi) follows easily from {ii). □ 

Given a Banach space X, list of formulas (pi, . . . , (pn and a countable set Y, we are able to 
get a family of sets 

M{X) ■.= {Xm; (</)!,..., Y)}. 

By choosing suitable formulas (j)i,...,(pn and suitable set Y, it is possible to force Ai{X) 
to be a family of closed separable subspaces of X having some specific properties. One can 
easily join finite number of arguments (lists of formulas) and get another family of separable 
subspaces having the same properties as the original family and perhaps even some more. 

In [7] similar families of closed separable subspaces are used for getting separable reduction 
theorems. Those families are called rich. This concept has been originally introduced in [l] 
by Borwein and Moors. It is possible to find further use of this method for example in [8], 
where even more references may be found. 

Definition. Let X be a Banach space. A family TZ of separable subspaces of X is called rich 
if 

(i) for every increasing sequence Ri in TZ, IJigcj belongs to TZ, and 

(ii) each separable subspace of X is contained in an element of TZ. 

The connection between the notion of rich families and elementary submodels is described 
in the following lemma. 

Lemma 3.3. Let X be a Banach space. Then there exists a list of formulas (pi, . . . ,(j)n o^nd 
a countable set Y such that for every countable set Z and every list of formulas ipi, . . . ,ipk 
such that (pi, . . . ,(j)n,'^i, ■ ■ ■ is subformulas closed it is true that the family 

M:= {M; M ^ {(^i, ...,(t>n,^i, ■ ■ ■ Y VJ Z)} 
satisfies the following conditions: 

(i) the set {Xm] M G M} is a family of closed separable subspaces of X, 
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(ii) For every increasing sequence of elementary submodels {Mi}i^^ C M, 

(jMieM and [j Xm, = X^^^^ m^- 

(iii) For every V separable subspace of X there exists M £ Ai such that V C Xpj . 

Proof. The existence of (f)i,...,(pn and Y such that {Xm', M € 7W} is a family of closed 
separable subspaces follows from the proposition 13.21 above. For (ii), let us fix an increasing 
sequence Mi of elementary submodels from the assumption. Then (by the lemma 12. 3p it 
is enough to show that Uig^^Mi = X[j,^^Mi- One inclusion follows from the fact that 
UieujXM, C U-^^Xn Mi = X^^^^M,- The second one holds, because \JieijX n Mi C 

Ui^^^CnM = [j^eu.XM,■ Thus, Xy^^^Af,: = [Jie.: X H Mi C Uec^^M.- For (iii), let us 
take any V separable subspace of X and D C V countable dense set in V. Then taking 
M -< ((/>!, ...,(/)„, 991, . . . ,(pk; y U 2" U D), it is true that V C Xm- □ 

In ^ there is introduced a slightly different method of getting the elementary submodels 
M. It was proven there, that in the case of some classical Banach spaces (namely ip{T) and 
C{K)) it is possible to describe the subspace Xm- Slightly modifying the ideas from [3], we 
get the same results in our case as well. 

Definition. Let F be a set. Then we denote by supptp the mapping supptp : F which 

maps X G to supptp(2;) = {q G F; x{a) ^ 0}. 

Proposition 3.4. For a suitable elementary submodel M the following holds: 

Let X = ^p(F), where 1 < p < oo and F is an arbitrary set. Then whenever M contains X, 

supptp and T, it is true that 

Xm = {x G X; supptp(x) C M}. 
Consequently, Xm can be identified with the space IpiV fi M). 

Proof. Let us fix a (*)-elementary submodel M containing X, supptp, F. Let us mark by A 
the set on the right-hand side. For every x € X n M the set supptp (x) is countable and so, 
according to the propositions 12.81 and 12.91 supptp(x) C M. Thus, x £ A. So, X n M C A; 
hence Xm C A. On the other hand, if x G A then arbitrarily close to x we can find y € A 
such that s = supptp(7/) C M is finite and y{a) G Q for a G s. Thus, using the proposition 
\2.9\ s € M and y fsG M (because y \s= Uaesii^^yi'^))})- Using the absoluteness of the 
formula 

(*) 3z G X{z \s= y\s \r\s= 0) 
we get, that y e M. Hence x G X f] M = Xm- □ 

Given a compact space K and an arbitrary elementary submodel M we define the following 
equivalence relation ~Af on K: 

x^MV ^ (V/ G C{K) n M) : f{x) = f{y). 

We shall write K/ m instead of K/ ^j^j and we shall denote by q^'^ the canonical quotient map. 
It is not hard to check that K/ m is a compact Hausdorff space (see [3]). 

Observe that we can identify the spaces {(/? o : tp g C{K/ m)} and C{K/ m)- Indeed, 
when we define the mapping 

F((^) := o ^eC{K/M), 
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then it is obvious that F is an isometric mapping from C{K/]\j) onto {cpoq^^ : ip G C{K/ a/)}- 

Lemma 3.5. For a suitable elementary submodel M the following holds: 

Let K be a compact space and X = C{K). Let us denote by ■ the operation of pointwise 

product of functions in C{K). Then whenever M contains X, ■ and K, it is true that 

XM = Woq''^ : ^eC(K/Af)}. 

Consequently, we can identify Xm with the space C{K/m), where K/m is a metrizable compact 
space. 

Proof. Let us fix a (*)-elementary submodel M containing X, ■ , K. Let us mark by Y the 
set on the right-hand side. For a given function / G C{K) D M we define 

'P{[x]ai) ■■= fix), X e K. 

It is easy to verify that f is a continuous function. Consequently, f £ Y and Xm C Y. 

For the proof of the second inclusion, let us identify Xm with a subspace of C{K/m)- 
Then, according to the propositions 13.21 and 12.81 is a closed subspace closed under the 
operation ■. From the definition of ^m it follows that Xm separates points in K/m- Using 
the aboluteness of the formula 

(*) Vc G R 3/ G X{\/x G K : f{x) = c), 

M contains every constant rational function; thus, Xm contains all the constant functions. 
From the Stone- Weierstrass theorem we get that Xm = C{K/ m)- 

Since Xm = C{K/m) is a separable space, K/ m is metrizable compact. □ 

4. Properties of sets 

Let us consider a situation when we have a normed linear space X and we want to recognize, 
whether a given set ^ C X has a property (P). For every separable subspace Vq C X we 
want to find a closed separable subspace V D Vq such that A has the property (P) in X if 
and only if ^ fl F has the property (P) in the subspace V. 

Using the technic of elementary submodels, it is enough to show that for a suitable ele- 
mentary submodel M (dependent only on the space X and perhaps also on the set A), the 
set A has the property (P) if and only if ^ fl Xm has the property (P) in Xm- 

Let us prove the results for properties "to be dense" and "to have empty interior". 

Proposition 4.1. For a suitable elementary submodel M the following holds: 

Let {X,p) be a metric space and A, S C X . Then whenever M contains X, A and S, it is 

true that 

Ints n 5) / ^ IntcjnXM {AnSn Xm) 0, 
A{^ S is dense in S Ar\S r\ Xm is dense in S Ci Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A and S. According to the 
proposition 12.91 we can see that A'~' G M whenever A G M. Since A is dense in X if and only 
if A'-^ has empty interior in X, it is enough to show the first equivalence. 

If ^ n S* has nonempty interior in S, then there exists a ball in S, which is a subset of 
AnS. Thus 

(*) {3x G S){3r G M+)(V2/ e S){z £ U{x, r) ^ z G A). 
In the preceeding formula we use shortcut y G U{x,r), which stands for y G X A p{y, x) <r r. 
Free variables in the preceeding formula are M+, X, p, <r, A, S. Those are contained in M. 
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This allows us to use the elementarity of M. Thus we find x € S" fl M and r G M_(_ n M such 
that ((Vy G G C/(x, r) ^ 2; € A))^^ . Using the elementarity again, U{x, r) n 5 is a subset 
of A n 5. Consequently, U{x, r) f^ S f^ Xm <Z Ar\S f^ Xm- Since x G U{x, r) n 5 n Xm, we 
have prooved that ^ n 5 n Xm contains a nonempty open set in 5 n Xm- 
Conversely, let us assume that IntsnXM [Ar\ S r\ Xm) / 0- Then 

(3x G SnXM)(3r G M+)([/(x, r) n 5 n Xm (lAr\S). 

Let us take G (0, ^r) n Q+ and xq G X fl M such that /9(x, xq) < q. Then 

(?7(xo, q)nsn Xm) C (f/(x, r) n 5 n Xm) cAnS. 

For taken xq and q holds f/(xo, g)nS'nMcAnS'. This can be written as 

(Vy G5nM) {p{y,xo) <q^y e AnS). 

Therefore, using the absoluteness of 

(*) {yyeS){p{y,xo)<q^yeAnS), 

we can see that U{xQ,q) Ci S C A Ci S. But the point x is in U{xQ,q) fl S. Consequently, 
Int5 n 5) / 0. □ 

Another set property, which is separably determined, is "to be nowhere dense". 

Proposition 4.2. For a suitable elementary submodel M the following holds: 

Let {X,p) be a metric space, G C X an open set and A C X. Then whenever M contains X, 

A and G, it is true that 

Ar\G is nowhere dense in G ■H' AoG D Xm is nowhere dense in G Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A and G. According to the 
proposition I2.9| C n i? G M whenever G,B M. It is well known, that E C G is nowhere 
dense in G if and only if it is nowhere dense in X (see [5l page 71]). Consequently, it is enough 
to prove the proposition for G = X. 

It is well known, that set A is nowhere dense in a metric space X if and only if the following 
formula holds: 

yx € XW £R+3y £ X 3s £R+ {U{y, s) C U{x, r) \ A). 
It is easy to check that this is equivalent to the following formula: 

(1) (*) yxeX\/reQ+3yeX3seQ+{U{y,s)cU{x,r)\A). 

All the free variables in the preceeding formula are elements of M. 

Let us prove the implication from the right to the left first. If A is not nowhere dense in 
X, then 

(*) 3x G X 3r G Q+ Vy G X Vs G Q+ {U{y, s) ^ U{x, r) \ A). 
Using the elementarity of M there exists x G X n M and r G Q+ such that: 

(2) VyGXVsGQ+ (C/(y,s) ^ ?7(x,r)\^). 

Choose an arbitrary y G Xm, s G Q+ and find such yo G X D M that p{y,yo) < ^s. Then 
U{yo, is) C U{y,s). From the validity of ([2]), 

(*) {3z€X){ze Uiyo,^s) \ (C/(x, r) \ vl)). 
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Using elementarity of M we may fix z ^ X CiM satisfying the formula above. Thus, for given 
y £ Xm and s G Q+ we have found z £ X n M satisfying 

ze U{yo,y) \{U{x,r)\A) C U{y, s) \ {U{x,r) n Xm \ A). 

Consequently, 

U{y,s)nXM ^ {U{x,r)nXM)\A. 
The negation of ([I]) holds in Xm', thus, A n Xm is not nowhere dense in Xm- 

For the proof of converse implication, let A be nowhere dense in X. Choose an arbitrary 
X G Xm and r G Q+. Let us find xq & X n M satisfying p{x,xq) < ^r. Then U{xq, ^r) C 
U{x,r). For given point xq and number find y G X and s G Q+ from the formula ([T]). 
Using elementarity of M we may assume that y G X D M. Consequently, 

U{y,s) C U{xo,^r)\A C C/(x,r)\A 

The formula ([T|) is satisfied in Xm] thus, ^ n is nowhere dense in Xm- D 

Natural question is, how it is with the property "to be meager" . One implication is simple. 

Proposition 4.3. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X and a set A C X , it is true that: 

A is meager in X An Xm is meager in Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X and A. Let us have a family of 
nowhere dense sets {Rn}neuj such that A C Unew ^n- 
Then 

(*) {3ip){(p is a function with Domy? = lo, (p{n) are nowhere dense subsets of X 
for every n G co, A C \^ ^{n))- 

ndu) 

From the elementarity of M we may take such a G M. Consequently (using the propo- 
sition [21S]) , '■pi^^) G ^ for every n G w. 

From the proposition 14.21 we get, that for any n G a; the set '^{n) HXm is nowhere dense in 
Xm- Besides that, A n Xm C Unetj('^('^) -^m)- Therefore, A n Xm is meager in Xm- D 

For the converse implication of the preceeding proposition, we need to add some assump- 
tions. Let us first recall what it means to be somewhere meager. 

Definition. Let X be a metric space and A d X. If there are x G X and r > such that 
U{x,r) D A is meager in X, we say that A is somewhere meager in X. 

We will need the following easy well-known fact. 

Lemma 4.4. Let X be a complete metric space and let A C X have the Baire property. Then 

X\A is not meager o j4 is somewhere meager in X. 

With the help of the preceeding lemma we are able to prove the converse implication of 
proposition 14.31 First, we need to get the result for the properties "Baire property" and "to 
be somewhere meager". 

Proposition 4.5. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X and a set A <Z X, it is true that 

A is somewhere meager in X ^ Ar\ Xm is somewhere meager in Xm- 
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Proof. Let us fix a (*)-elementary submodel M containing X, A and assume that A is some- 
where meager. With the use of the propositions l2.9l and l3.H U{x, r) ^ M whenever x G Xr\M, 
r e M+ n M and C n 5 € M whenever C,B e M. 

Because A is somewhere meager, the following formula holds: 

(*) {3x G X){3r e R+){U{x,r) D A is meager in X). 

From the elementarity of M, we can find x (z X D M and r G n M such that U{x,r) D A 
is meager in X. Using the proposition 14.31 and the fact that U{x,r) D A G M, we can see 
U{x, r) n An Xm is meager in Xm- D 

Proposition 4.6. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X and a set A C X , it is true that: 

A has Baire property in X —?■ An Xm has Baire property in Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A and assume that A has Baire 
property. Then 

(*) {3D){3P){D is a Gs subset in X, P is meager subset in X, A = L> U P). 

Using the elementarity of M, we may take such D,P € M. With the use of the proposition 
14. 3t PCiXm is meager in Xm- Consequently, ACiXm is union of the Gs set DCiXm and the 
meager set P fl Xm- D 

Finally, the converse of the proposition 14.31 can be proven under additional assumptions. 

Theorem 4.7. For a suitable elementary submodel M the following holds: 

Let X be a complete metric space, G C X an open set and A G X set with Baire property. 

Then whenever M contains X, G and A, it is true that 

Ar\G is meager in G Ar\G r\ Xm is meager in G n Xm-, 

Ar\G is residual in G -v^ Ar\G r\ Xm is residual in G n Xm - 

Proof. Let us fix a (*)-elementary submodel M containing X, A^ G. According to the propo- 
sition E9] it is true, that S n C G M and B^ ^ M whenever B,G e M. It is well known that 
a set -D C G is meager in X if and only if it is meager in G (see [5l page 83]). Thus, it is 
sufficient to prove the first equivalence fov G = X. 

The implication from the left to the right follows from the proposition 14.31 For the converse 
implication, let us assume that A is not meager in X. Consequently, using lemma [131 A'^ 
is somewhere meager in X. Thus, according to the proposition 14.51 ^ Xm is somewhere 
meager in Xm- Then from the propositions 14.61 and 14.41 we get, that A n Xm is not meager 
in Xm- □ 

Let us find out, whether the property of sets "to be porous" is separably determined. When 
talking about porosity, we will use the following definition from [9]. 

Definition. Let X be a metric space, A C X , x ^ X and R > 0. Then we define 7(3;, R, A) 
as the supremum of all r > for which there exists z G X such that U{z, r) C U{x, R) \ A. 
Further, we define the upper porosity of A at x in the space X as 

- fA \ or 7(2;, -R,^) 
Px {A, X) := 2 lim sup 

_R-s>0+ -R 
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and the lower porosity of A at x in the space X as 

pJA,x) :=21iminf ^(^'^^^ 

When it is clear which space X we mean, then we often say upper (lower) porosity of A at 
X and write p(A,x) {p{A,x)). 

We say that A is upper porous {lower porous, c-upper porous, c-lower porous) at x if 
p{A,x) > {p{A,x) > 0, p{A,x) > c, p{A,x) > c). 

We say that A is upper porous {lower porous, c-upper porous, c-lower porous) if A is upper 
porous (lower porous, c-upper porous, c-lower porous) at each y E A. We say that A is 
a-upper (lower) porous if it is a countable union of upper (lower) porous sets. 

Definition. Let {X,p) be a metric space and A C X. Then by d{-,A) we understand the 
mapping which maps every x E: X to d{x,A) := 'mi{p{x,a); a G A}. 

The following lemma is probably well known, but I didn't find any reference. 

Lemma 4.8. Let {X,p) he a metric space, A d X and x E A. Let us denote 

\ 1- d{u,A) /A ^ 1- ■ r d{u,A) 

pi{A,x) := hmswp sup — ana p2{A, x) := hmmt sup — . 

R-^Q+ ueU(x,R) R-^0+ ueU{x,R) ^ 

Thenpi{A,x) <p{A,x) < 2pi{A,x) andp2{A,x) <p{A,x) < 2p2{A,x). 

Proof. In order to show p{A,x) < 2pi{A,x) and p{A,x) < 2p2{A,x), it is sufHcient to prove 
that 7(.x, R, A) < sup^g^/^^, jij) d{u, A) for every R > 0. Choose some R > 0, r > and z G X 
satisfying U{z,r) C U{x,R) \ A. We would like to find u G U{x,R) such that r < d{u,A). 
But it is easy to check that u = z satisfies those conditions. 

Now we will prove that p{A, x) > pi{A, x) and p{A, x) > P2{A, x). Take an arbitrary R> 0, 
u £ U{x, R) and notice that then d(n, A) < 'j{x, 2R, A). 
Really, put r = d{u. A) and z = u. Then for every y £ U{z, r) is 

p{u, y) = p{z, y) <r = d{u, A), 

so y ^ A. Besides that (using the fact that r = d{u, A) < R, since x e A and u £ U{x, R)), 

p{y, x) < p{y, z) + p{z, x) <r + R<2R. 

Thus, U{z, r) C U{x, 2R) \ A and d(n. A) < j{x, 2R, A). 
An immediate consequence is, that 

j{x,2R.A) , . ^j{x,2R,A) , 

21imsup ' >pi{A,x), 21iminf ' ' ' >p2{A,x). 

Now it is easy to check that also p{A, x) > pi{A, x) and p{A, x) > P2{A, x). □ 
The following two propositions show that the first implication about porous sets holds. 

Proposition 4.9. For a suitable elementary submodel M the following holds: 

Let {X, p) be a metric space. Then whenever M contains X and a set A C X, it is true that 

A is not upper porous in X ^ ACi Xm is not upper porous in Xm- 
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Proof. Let us fix a (*)-elementary submodel M containing X, A. The set A is upper porous 
in X if and only if the following formula holds: 

Vx G A 3m G Q+ Vi?o > 3i? G (0, Rq) 7(x, R, A) > Rm. 

This formula is equivalent to the following one: 

Vx G A 3m G Q+ Vi^o > 3i? G (0, Rq) 3r>Rm3zeX U{z, r) C U{x, R) \ A. 

Let us notice that this formula is equivalent to the formula, where we take only rational 
numbers Ro,R and r. It is obvious that we may consider only rational numbers Rq. Let us 
take an arbitrary x (z A, m (z Q+ from the formula above and Rq G Q+. Then 

3R G (0, Rq) 3r>Rm3zeX U{z, r) C U{x, R) \ A. 

Fix R G (0, i?o), r > Rfn and z G X from the formula above. If we take a rational number 
Rq from the interval {R, min{i?0) :^})) then U {z, r) C U {x, Rq) \ A. Thus, R may be without 
loss of generality considered to be rational. Having now rational number R G {0,Rq), real 
number r > Rm and z £ X such that U {z, r) G U (x, R) \ A, let us take a rational number 
from the interval {Rm,r). Then U{z,rq) C U{x,R) \A. Consequently, the number r may be 
without loss of generality considered to be rational. 

We have seen that A is not upper porous in X if and only if the following formula holds: 

(*) 3x G ^ Vm G Q+ 3Rq G Q+ Vi? G (0, Rq) n Q+ Vr G {Rm, oo) n Q+ 

Vz G X Uiz, r) ^ U{x, R) \ A. 

Thus, when A is not upper porous in X we are able to find a point x (z A from ([3]). Using 
the elementarity of M, we may assume that x G M. Now fix m G Q+ and find Rq G Q+ 
from the formula ([3]). Fix R G (0, i?o) n Q+, r G {Rm, oo) n Q+ and z G Xm- Then find 
r' G (-Rm, r) n Q and zq £ XCiM such that zq) < r - r' . Thus, [/(zq, r') C U{z, r). Then 
the following holds: 

(*) {3y €X){ye U{zq, r') \ {U{x, R) \ A)). 
For r' and zq we are able to find (using the elementarity of M) point y ^ M such that 

yeU{zQ,r')\{U{x,R)\A) C U{z,r) \ {U{x,R)\A). 

Consequently, the formula ^ is satisfied in Xm and the set A n Xm is not upper porous 
in Xm- □ 

Proposition 4.10. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X and a set A d X, it is true that 

A is not lower porous in X ^ Ar\ Xm is not lower porous in Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A. If A is not lower porous, 
then similarly as in the proof of the proposition 14.91 the following formula holds: 

(*) 3x G A Vm G Q+ \/Rq G Q+ 3i? G (0, Rq) Vr G {Rm, oo) n Q+ 

Vz G X U{z, r) ^ U{x, R) \ A. 

Using the elementarity of M, let us take x G A n M from the formula above. Then fix 
m, Rq G Q+ and find R G (0, Rq) such that 

Vr G {Rm, oo) n Q+ Vz G X U{z, r) ^ U{x, R) \ A. 
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Using the elementarity of M we may assume that R ^ M. Now let us choose an arbitrary 
r € {Rm, oo) n Q+ and z G Xm- Then find r' G {Rm, r) n Q and zq G U{z, r -r')n M. Thus, 
U{zQ,r') C U{z,r). Then the fohowing holds: 

(*) {3y eX){ye U{zo,r') \ {U{x, R) \ A)). 

For r' and zq we are able to find (using the elementarity of M) point y ^ M such that 
y e C/(zo,r') \ {U{x,R) \ A). Consequently, 

XMnU{z,r) ^ U{x,R)\A. 

Thus, the formula is satisfied in Xm and A Xm is not lower porous in Xm- D 

To see that the converse implication holds we will follow the ideas presented in [71 page 
42]. The following result is proven there for a rich family of subspaces (in the case that X 
is a Banach space). We show the proof for spaces constructed from elementary submodels 
(which holds even in the case of metric spaces). 

Lemma 4.11. For a suitable elementary submodel M the following holds: 

Let {X, p) be a metric space and / : X ^ M a function. Then whenever M contains X , f , it 

is true that for every R > and x G Xm '■ 

sup f{u) = sup fiu). 

uGU{x,R) uGU{x,R)nXM 

Proof. Let us fix a (*)-elementary submodel M containing X, f. Fix x G Xm and R > 0. 
We would like to verify that sup^(zu(^x,R) /("") ^ ^^PueU{x,R)nXM •^('") ^^^^ other inequality is 
obvious). For this purpose, let us take an arbitrary S G Q+ satisfying S < sup„g(/(^^^) /("")• 
Then there exists u G U{x,R) such that S < f{u). Now, find rational numbers Rq,e G Q+ 
such that Rq < R and p{u,x) < Rq — e. Let us take some G C/(x, |) PI M. Then 
u G U{xo,Rq — |) and using the absoluteness of the formula 

(*) 3ue X : p{u, xq) < Rq - ^ A S < f{u), 

we get the existence of u G U{xo, Rq — ^)riM C C/(x, i?)nM such that S < f{u). Consequently, 

S < sup„g^(^^^)nxM /(^)- ° 

Proposition 4.12. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X , A <Z X and d{-^A), it is true that 

for every x & AD Xm 

A is lower porous at x ^ AO Xm is lower porous at x in the space Xm , 

A is upper porous at x ^ An Xm is upper porous at x in the space Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A, d{-,A) and fix some x G 

A n Xm such that A is c-upper porous at x for some rational c > 0. Thus, from the lemma 

K8\ and KTT\ it follows that 

_ , , , - d(u,A) , d(n,^) 
c<Px{A,x) < zlimsup sup — = 21imsup sup — 

R-^Q+ u&{x,R) R R-^0+ ueU{x,R)nXM ^ 

d(u, A n Xm) , . 

< 2 hm sup sup ^ „ ^ < 2px^, {A n Xm , x) . 

R^0+ u&U{x,R)nXM 

Consequently, A n Xm is §-upper porous in the space Xm- The result for lower porosity 
follows similarly. □ 



16 



MAREK CUTH 



Corrolary 4.13. For a suitable elementary submodel M the following holds: 

Let X be a metric space. Then whenever M contains X, Ad X and d{-,A), it is true that 

A is lower porous m X o A fl Xm is lower porous in Xm, 

A is upper porous in X -(r^ Af] Xm is upper porous in Xm, 

A is a -lower porous m X — > A fi Xm is (J -lower porous in Xm, 

A is a-upper porous in X ^ Af] Xm is a-upper porous in Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, A, d{-,A). Then the porosity 
results follow from the propositions 14.91 14.101 and 14.121 The cr-porosity results are then 
obtained similarly as in the proof of meagerness 14.31 using the absoluteness of the following 
two formulas 

(*) (3(/7)((/? is function with Dom (/? = a;, '^{n) are lower porous subsets of X 
for every n € w, A C |^ 

(*) (3(/7)((/? is function with Dom(^ = a;, (p{n) are upper porous subsets of X 
for every n £ oj, A C \^ '^{i^))- 

□ 

It remains unknown to the author whether the converse implication of the preceeding 
results about cr-porosity holds as well. 

5. Properties of functions 

Let us consider a situation when we have a normed linear space X and we have a function 
/ defined on X. The aim of this section is to say which properties (P) of the function / are 
"separably determined". To be more concrete, we want to find a closed separable subspace 
Xm such that for every x S Xm it is true that: 

/ has the property (P) at a; ^ / \xj^} has the property (P) at x. 

Using the technic of elementary submodels it is possible to combine those results about 
functions with the ones about sets. 

First of the function properties we are interested in is the continuity. 

Definition. Let {X, p) and (1", a) be metric spaces, G d X open subset and / : G — )• y a 
function. Then we denote by C(/) the set of points where / is continuous. 

Theorem 5.1. For a suitable elementary submodel M the following holds: 

Let {X, p) and (y, a) be metric spaces, G C X open subset and f : G ^ Y a function. Then 

whenever M contains X, f and Y , it is true that G{f) € M and for every x € Xm H G: 

f is continuous at x f \xj^ is continuous at x. 



SEPARABLE REDUCTION THEOREMS BY THE METHOD OF ELEMENTARY SUBMODELS 17 

Proof. Let us fix a (*)-elementary submodel M containing X, Y, f. Then it is true that 
G G M, since G = Dom(/). C(/) is an object uniquely defined by the formula 

(*) {3C){\/z)(z eCozGGA/is continuous at z); 

hence C{f) G M. Let us prove the equivalece now. The implication from the left to right 
holds for an arbitrary subspace of X. If the function / is not continuous at x € Xm H G, then 
we find k & uj such that the following formula holds: 

(5) yneuj3y,zeG:{y,zeU{x,^) A a{f{y),f{z))>l). 

Fix n £ uj and xq € U{x, ^) fl M. Then U{xq, ^) is open set containing x, so there exists 
/ G uj such that U{x,j) is a subset of U{xo,-^). According to the formula ([5]) there are 
y,z £ G satisfying 

y,zGU{x,}) A a{f{y)J{z))>l. 

Consequently, the following formula is satisfied: 

(*) 3y,zeG:{y,zeU{xo,^^) A a{f{y),f{z))>l). 

All the free variables in this formula are in M, so using the elementarity of M and the fact 
that U{xq, C U{x, we get points y,z G H M such that 

(6) y,zGU{x,^) A a{f{y),f{z))>l 

We have just shown that for an arbitrary n G w we are able to find points y,z£GriM 
satisfying Consequently, the function / \xni is not continuous at x. □ 

Having proven that the property (P) of the function / (continuity in this case) is separably 
determined, we get that for a set A := {x : f has the property (P) at x} the following holds: 

A n Xm = {x ■ f \xm property (P) at x}. 

Combinig this result with the result from the previous section we get the existence of a closed 
separable subspace Xm such that 

{x : f has the property (P) at x} is dense in X o 

{x '■ f \xm the property (P) at x} is dense in Xm- 

Thus, an immediate consequence of the preceeding theorem and results about separably 
determined set properties is the following. 

Corrolary 5.2. For a suitable elementary submodel M the following holds: 

Let X and Y be metric spaces, G C X open subset and f : G ^ Y a function. Let X be 

complete. Then whenever M contains X, Y and f , it is true that 

C{f) is dense in G G{f \xm) dense in G (1 Xm, 

G{f) is nowhere dense in G -H- C{f \xm) nowhere dense in GDXm, 

C{f) is meager in G C{f \xm) meager in G H Xm, 

C{f ) is residual G -ir^ C{f \xm) ^•^ residual in G H Xm, 

C{f) is not upper porous in X G{f \xm) "■'^^ upper porous in Xm, 

G{f) is not lower porous in X G{f \xm) ™^ lower porous in Xm- 
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Proof. Let us fix a (*)-elementary submodel M containing X, Y, f. Tlien G S M, because 
G = Dom(/). It is well known, that C(/) is a Gs set [5l page 207-208]. From the preceeding 
theorem, C(/) fl Xm = C{f \xm)- Therefore we get the wanted result as an immediate 
consequence of propositions 14.11 14.21 14.91 14.101 and theorems 14. 7| 15.11 □ 

Next function property we examine is the lower (upper) semicontinuousity. Let us recall 
the definition in metric spaces. 

Definition. Let X be a metric space, G C X open subset, f : G ^ [—oo, oo] a function and 
X E G. If for every sequence {xn}neuj C G, — > x it is true that 

liminf f{xn) > f{x), 

n— >oo 

then we say that / is lower semicontinuous (Isc) at x. 

If the function (— /) is Isc at x, we say that / is upper semicontinuous (use) at x. 

The following lemma will be used in the proposition saying that the lower (upper) semi- 
continuity is separably determined property. 

Lemma 5.3. Let X be a metric space, G C X open subset, f : G ^ [—oo, oo] a function and 
X € G. Then f is Isc at x if and only if for every c € Q n (— oo, f{x)) there exists n & u such 
that f [U{x, ^) n G] C (c, oo] . 

Proof. We may assume that f{x) > —oo (if f{x) = —oo, then the lemma is obvious). 

Suppose that there are number c E Q fl (— oo,/(x)) and sequence {xn}neui C G such 
that Xn € U{x, but /(x„,) < c. Then a;„ — >• x, but liminf„_^oo /(a^n) < c < f{x). Thus, / 
is not Isc at x. 

"<^" First, let us assume that f{x) < oo. Fix e > 0, c € Q n {f{x) — e, f{x)) and sequence 
c G, Then there exists k ^ lo such that / [U{x, j:)(~^G] C (c, oo]. Next, 

there exists no such that for every n > hq is Xn € U{x,-^). Then for every n > tt-q is 
f{xn) > c > f{x) — £. Thus, liminf„_5.oo /(a^n) > f{x) — £. Because we have chosen an 
arbitrary e > 0, it is true that liminf n_j.oo f{xn) > f{x)- 

In the case that f{x) = oo, we will fix i^T G w, c € Q fl {K, oo) and sequence {xn\neu] C G, 
Xfi y X • Similarly as above it follows that liminf„_^oo /(a^n) ^K. □ 

Proposition 5.4. For a suitable elementary submodel M the following holds: 

Let X be a metric space, G C X open subset and f : G ^ [—00,00] a function. Then 

whenever M contains X and f , it is true that for every x € Xm H G: 

f is Isc at X -^r^ f \xni is Isc at x. 

Proof. Immediately from the definition it is obvious that the implication from the left to the 
right holds for any subspace of X. Let us fix a (*)-elementary submodel M containing X, f 
and assume that / is not Isc at x G Xm H G. Then from the lemma 15.31 we get the existence 
of c G Q n (—00, f{x)) such that for every n G a; exists y & U{x, ^) H G such that f{y) < c. 
Choose an arbitrary n G w and find xq G U{x, ^) fl M. Then U{xq, ^) C U{x, ^) is open 
set containing x, so there exists I G u such that U{x, j) C U{xq, For such I G uj there 
exists y G C/(x, j) n G such that f{y) < c. Consequently, the following formula holds: 

(*) 3yeUixo,^)nG: f{y)<c. 
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Using the elementarity of M we find y G U{xq,^) r\G r\ M C [/(x, i) n G n M such that 
/(y) < c. For an arbitrary n € w we have found y G C/(x, fl G fl Xm such that /(y) < c. 
It fohows from the lemma [5^3] that / is not Isc at x. □ 

Corrolary 5.5. For a suitable elementary submodel M the following holds: 
Let X be a metric space, G <Z X open subset and f : G ^ [—oo, oo] a function. Let us denote 
by — the operation which maps every function h : G ^ [—00,00] to the function —h. Then 
whenever M contains X, f and — , it is true that for every x G X^j D G: 

f is use at X f use at x. 

Proof. Let us fix a (*)-elementary submodel M containing X, f, —. Then — / G M, thus it 
is enough to use the preceeding proposition. □ 

The last function property examined in this article is the Frechet differentiability. We will 
use the following definiton. 

Definition. Let X and Y be NLS, G C X open subset, f : G ^ Y function and x G G. 

(i) If there exists continuous linear operator A : X ^ Y such that 

f(u)-fix)-Aiu-x) ^ 

u^x 1 1 It — x|| 

then we say that function f is Frechet differentiable at x. The set of the points where 
/ is Frechet differentiable we will denote by D{f). 

(ii) For c > 0, e > and (5 > we define D{f,c,e,5) as the set of all points x £ G 
satisfying 

fiy + tv)-fiy) f{y)-f{y-hv) 



< e 



t h 
whenever 

u G X, ||u|| = 1, t > 0, /i > 0, yeU{x,6), y-hveU{x,6), 
y + tvGU{x,5) and min(t, /i) > c||y — 

The following relationship between sets D{f,c,e,6) and Frechet differentiability is shown 
in m. 



Lemma 5.6. Let X be NLS, G C X open subset and let Y be a Banach space. Let f : G Y 
be a function. Then f is Frechet differentiable at a point x € G if and only if f is continuous 
atx an(ixGnnGNUfcGN^(/)^'^>i)- 

Using this lemma, it is shown in [10] that the property "to be Frechet differentiable" is 
separably determined. Let us prove a similar result using the technic of elementary submodels. 

Theorem 5.7. For a suitable elementary submodel M the following holds: 

Let X be a NLS, G C X an open subset and Y a Banach space. Let f : G ^ Y be a function. 

Then whenever M contains X , f and Y , it is true that D{f) G M and for every x G Xm H G: 

f is Frechet differentiable at x f \xm Frechet differentiable at x. 

Proof. Let us fix a (*)-elementary submodel M containing X, Y, f. D(f) is an object uniquely 
defined by the formula 

(*) {3D){yz){z eD^zeDAf is Frechet differentiable at z); 
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hence D{f) € M. Fix a point x £ Xm H G. Then according to the theorem 15. II it is true that 
/ is continuous at x if and only if / \xm is continuous at x. Thus, using the lemma [5^ it is 
sufficient to check that 

neNfceN neNfceN 

The implication from the left to the right is obvious (it holds for every subspace of X). 
Conversely, let us assume that x ^ flneN UfceN -^(/' n' n' l)' -^^-^ n E N satisfying x ^ 
UfeeN ^(/) n' n' i)- Then for every k £ uj the following formula holds: 



3v e X, 



1, 3t,/i>0, 



fyeU{x,l), y-hv £U{x,^), y + tv U{x,\), 



min(t, h) > —{\\y — x\\ + 0), 



n 



f{y + tv)-f{y) f{y)-f{y-hv) 



h 



1 

n . 



Mark this formula with (*). 

Let us take some f , t, h and y from the formula above and find t] E Q+ such that 

1 „ „ 1 

y — X < - — 2r7, y — /lu — x < - — 2??, 

lly + — xll < - — 2r7, min(t, /i) > — (lly — xll + li]). 
k n 

Further, take xq E (x, r]) fl M. Then the following holds: 

1 



\V - 2;o < \\y - A\ + - < 7 - 

k 



y-hv- xoll < -j^-V, 



\\y + tv-xo\\ <j - r], -{\\y - xo|| + v) < -(Wv - + 2^) < min(t, h). 
k n n 

Using the elementarity of M we get the existence of w E X n M, = 1, t, /i E 
y E X n M such that: 

y E [/(xo, l-ri)(Z U{x, i), y - hv e U{xo, I - r]) C U{x, i), 

y + tv e U{xo,l -rj) C U{x,j), min{t,h) > -(||y-xo|| + v) > -\\y - 

n n 



nM a 



k •!) k 
f{y + kv)-f{y) f{y)-f{y-hv) 



k 



h 



1 

> -. 

n 



Consequently, x i HneN UfceN ^(/ F^m^ n' n' fc)- 



□ 



We would like to combine this result with the theorem 14.71 saying that beeing a residual 
subset is separable determined property for sets with Baire property in complete metric spaces. 
The following result comes from [10|. 



Theorem 5.8. Let X he a normed linear space, G C X open subset, and let Y be a Banach 
space. Let f : G Y be a function. Then D[f) is an F^-s set. 

Using this result we immediately get the following corrolary (obviously, it is true even more, 
similarly as in the case of continuity). 
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Corrolary 5.9. For a suitable elementary submodel M the following holds: 

Let X , Y he Banach spaces, G C X open subset and f : G ^ Y a function. Then whenever 

M contains X , Y and f , it is true that 

D{f) is dense in G ^ D{f \xm) ^•^ dense in G Ci Xm, 

D{f ) is residual in G D{f \xm) residual in G Ci Xm- 

6. Applications 

In this last section we show two apphcations of the theorems proven above. Both of them 
extend the vahdity of already known theorems to special nonseparable spaces. In the first 
case we will be interested in the result proven in Proposition 3.3] by Zajicek for spaces 
with separable dual. The technic of elementary submodels will allow us to prove that the 
same theorem holds in general Asplund spaces. The second application will extend the result 
proven in [Gj Theorem 4.8] from the spaces C{K) with K is a countable compact and from 
subspaces of cq to the spaces C{K) with K is a general scattered compact and to subspaces 
of co(r) with possibly uncountable set T. 

Separable reductions of the results mentioned above have already been examined using the 
technic of rich families (to remind the concept of rich families, see the section [3]). In the first 
case Zajicek in [lit Theorem 5.2] achieved to prove only a weaker variant of the theorem in 
Asplund spaces. In the second case, the separable reduction to the subspaces of co(T) easilly 
follows using the work of J.Lindenstrauss, D.Preiss and J.Tiser [Tj Corrolary 5.6.2] and the 
result of Zajicek |1H Theorem 4.7]. However, to the author it is not known whether the 
extension to spaces C{K) with K scattered compact has been proven anywhere else. 

Let us introduce the first application now. 

L. Zajicek proved in [11] theorem marked in this text as theorem 16.31 This theorem was 
proven for spaces with separable dual. We will show how to use the technic of elementary 
submodels to get the same result for Asplund spaces. 

In the following, if it is not said otherwise, X will be a Banach space. The equality 
X = Xi ... © Xn means that X is the direct sum of non-trivial closed linear subspaces 
Xi, . . . , Xn and the corresponding projections Pj : X — )■ Xj are continuous. 

Recall that X is an Asplund space if each continuous convex real valued function on X is 
Prechet differentiable at each point of X except a first category set and that X is Asplund 
space if and only if Y* is separable for every separable subspace Y C X. 

We will need the following well-known fact (see jllj). 

Lemma 6.1. Let X be a Banach space, ^ u X , and let X = W (B spanju}. Then the 
mapping w (z W w + Mn G X/ spanjn} is a linear homeomorphism. 

To formulate the result from [1.1], we need the following definition. 

Definition. Let / be a real valued function defined on an open subset G of a Banach space 
X. 

(i) We say that / is generically Frechet differentiable on G if the set D{f) of points where 
/ is Frechet differentiable is residual in G. 

(ii) We say that / is strictly differentiable at a € G if there exists x* G X* such that 

f{y) - f{x) - x*{y - x) ^ Q 

ix,y)^{a,a),x^y 11^ " 
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(iii) We say that / is essentially smooth (esm for short) on the line L = a + (where 
a S X, 7^ f € X) if the function <j){t) := /(a + tv) is strictly differentiable at a.e. 
points of its domain. (Obviously, the definition is correct: it does not depend on the 
choice of a and v). 

(iv) We say that line L is parallel to v (where 7^ f G X), if there exists a € X such that 
L = a + ^v. 

(v) We say that / is essentially smooth on a generic line parallel to 7^ v € X, if / is 
essentially smooth on all lines parallel to v, except a first category set of lines in the 
factor space X/ spanju}. 

Remark 6.2. Let X be a NLS, G <Z X open subset, / : G — )• M function, Y a subspace of X 
and a, f G y, f 7^ 0. Let us consider the line L = a + Mf . Then it follows immediately from 
the definition above that L <ZY and that / is essentially smooth on the line L if and only if 
/ W is. 

The theorem proven in Proposition 3.3] is as follows. 

Theorem 6.3. Let X = Xi © ... © X„ he a Banach space with a separable dual X* . Let 
G C X be an open set and / : G — ?• M a locally Lipschitz function. Let, for each 1 < i < n, 
there exists a dense set Di C such that, for each v ^ Di, f is essentially smooth on a 
generic line parallel to v. Then f is generically Frechet differentiable on G. 

Using the concept of rich families, it is proven in Theorem 5.2] that this result holds 
with a slightly stronger assumptions even in the case of nonseparable Asplund spaces. Using 
the technic of elementary submodels we will prove, that the theorem 16.31 holds in exactly the 
same form in nonseparable Asplund spaces. 

For the purpose of proving such a theorem, let us first begin with one lemma. 

Lemma 6.4. For a suitable elementary submodel M the following holds: 

Let X be a NLS, X = Xi © ... © X„. Let Pi, . . . , P„ be the corresponding projections onto 

subspaces Xi, . . . Then whenever M contains X , Pi, ... , Pn, it is true that 

XM = Pl{XM)®...(S)Pn{XM)- 

Proof. Let us fix a (*)-elementary submodel M containing X, Pi, ... , Pn. Then according to 
the proposition ETH] it is true that Pi{X n M) C X f] M for each i G {1, . . . , n}. From the 
continuity of projections Pi, . . . ,P„ it follows that Pi{XM) C Xm for each i G {1, • • • ,n}. 
Consequently, Xm = Pi{Xm) © ... © PniXu)- □ 

Theorem 6.5. Let X = Xi © ... © X„ be an Asplund space. Let G C X be an open set 
and f : G ^ M. a locally Lipschitz function. Let, for each 1 < i < n, there exists a dense set 
Di C such that, for each v & Di, f is essentially smooth on a generic line parallel to v. 
Then f is generically Frechet differentiable on G. 

Proof. Let Pi, . . . , P„ be the continuous projections onto subspaces Xi, . . . , X„. According 
to the cor r olary 15.9 ( propositions 14.11 12. 9| I3.2] and lemma [63] we know, that there exists a list 
of formulas ipi, . . . ,Lpi and a countable set Y such that for the set 

Z:= {X,f,Pi,...,Pr,,Di,...,Dn,Sx„...,Sx^,Y} 
and for every elementary submodel M, M -< (ipi, . . . ,ipi; Z) it is true that: 
(PI) Every countable set S G M is a subset of M. 
(P2) Xm = Pi{Xm) © ... © Pn(^M). 
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(P3) Whenever sets A,S C X are in M, the fohowing holds: 

^ n 5 is dense in 5" o A n 5 n Xm is dense in S n Xm- 

(P4) D{f) is residual in G o D{f \xm) is residual in G n Xm- 
(P5) Xm is separable subspace of X 

Without loss of generality we may assume that the list of formulas (pi, . . . ,ipi is subformula 
closed. Notice, that for every subspace A'" of X satisfying = Pi{N) © ... © Pn{N) it is true 
that D N = S'p.(jv)- Really, this equality follows from the fact that 

Sx^nN = SxnXiHN = Sxnx^n Pi{N) = Sxn PiiN) = Sp^^j^y 

Let us define inductively a sequence of elementary submodels {Mk}keu}- 

• For k = choose an arbitrary elementary submodel Mq -< {ipi, Z). 

• Whenever is defined, we will find for every i G {1, . . . , n} countable subset Ck,i of 
Di n Xmi^ dense in Sp.(^XM ) ~ ^A4- Then for every v G Ck,i it follows from 
the assumptions and lemma 16.11 that the set {a G G : /is esm on the line a + Mt;} 
is residual. Consequently, there exists a G5 dense subset Gk^v such that / is esm on 
each line parallel to u , intersecting Gk^y. 

Now we let Mfc_|_i to be an elementary submodel for formulas (^1, . . . ,99^ containing 

{Z, Gk,l, . • • , Ck,n, Mk, {Gk,v}v£[J'l^-^ Ck,i}- 

Finally, we define M := Ufcew^'s- Then according to the lemma \T3l M -< {ipi, ...,ipn; Z). 
Therefore, (PI) - (P5) holds for M. 

We need to verify, that for the space Xm and function / \x]^i the conditions of the theorem 
16.31 are satisfied. Then according to (P4) it is true that / is generically Frechet differentiable 
on G. 

Since X is an Asplund space, (Xm)* is separable. Obviously, / \xm is locally Lipschitz. 
According to (P2), Xm = Pi{Xm) © ... © Pn{XM)- For i G {1, . . . , n} we define Ci := 
Ufcew Ck,i- Let us verify, that this set is dense in Sp^(^Xm) ~ -^m- 

Fix an arbitrary e > and y G Sx^ H Xm = Sxi H Ufcew("'^ ^k)- Then find some 
2/0 e U{y, l)nlJfcg^(XnMfc) and take k e uj such that yo G XnMfc. Then G XM^^Sxi- 
Furthermore, 

II - y|| < II - yoll + ||yo - y\\ = |i - llyolll + ||yo - y|| 
= llly|l - llyolll + l|yo - y|| < 2||yo - y|| < ^• 

Because Ck,i is dense in Sxi H Xm^,-, there exists Ck^i G Ck,i C Gj such that \\ck,i — i^^W < §• 
Consequently, 

||cfc,i - y\\ < \\ck,i - nl^ll + llnl^ - yll < 

Notice that thanks to (PI), Ci C M for every i G {1, . . . ,n}. It remains to show that for 
every i G {1, . . . , n} and v £ Ci the set 

P^ := {a G G n Xm '■ f \xm ^•^"^ ™ ^^^^ ^ + 

is residual in Xm- 

Fix an arbitrary v £ Ci and find k £ uj such that v G Ck,i- Then P„ D Gk^v ^Xm- Because 
Gk,v £ we get from (P3) that Gk,v H Xm is dense G5 set in Xm- Consequently, P„ is 
residual in Xm- D 
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The second apphcation extends vahdity of the result from [HJ Theorem 4.8] marked in this 
text as theorem l6.91 This theorem was proven for spaces C{K) where X is a countable compact 
and for subspaces of cq. We will show how to use the technic of elementary submodels to get 
the same result for spaces C{K) where X is a scattered compact and for subspaces of cq(T) 
for possibly uncountable set T. 

Recall, that a set A G T (where T is an arbitrary topological space) is called scattered, if 
every nonempty subset has an isolated point. We wil need the following well-known fact. 

Lemma 6.6. Let K , L he compact spaces, K scattered, L metrizable and f : K ^ L contin- 
uous mapping onto L. Then L is a countable set. 

Recall that a Banach space Y is said to have the Radon-Nikodym property (RNP) if every 
Lipschitz function / : M — > y is differentiable almost everywhere (or equivalently every such 
/ has a point of differentiability - see [6]). 

The result of J.Lindenstrauss and D.Preiss uses the notion of F-null sets. Therefore, let us 
give some basic notations. For further information about this notion see [71 chapter 5]. 

Let X be a Banach space and let T := [0, 1]^ be endowed with the product topology and 
product Lebesgue measure We denote by T{X) the space of continuous mappings 

7 : T ^ X 

having continuous partial derivatives Dj'j (we consider one-sided derivatives at points where 
j-th coordinate is or 1). We equip T{X) with the topology generated by the seminorms 

II7II00 = sup ||7(t)|| and ||7||fc = sup ||i:>fc7(t)||. A; > 1. 

Equivalently, this topology may be defined by the seminorms 

||7ll<fc = max{||7||oo, II7II1, • • • > \h\\k}- 

The space T{X) with this topology is a Frechet space; in particular it is a Polish space 
whenever X is separable. 

We define also r„(X) = C^([0, and consider the norm || • ||<„ on this space. Notice, 
that Tn{X) is a subspace of T{X) in the sense that the functions depending on the first n 
coordinates only are naturally identified with the functions from Tn{X). 

A Borel subset ^ C X is called F-null if the set {7 € T{X); ^^'y~^{A) = 0} is residual in 

r(x). 

It comes from [71 Lemma 5.3.2 and Lemma 5.4.1] that the following two lemmas hold. 

Lemma 6.7. Whenever (Xn) is an increasing sequence of subspaces of X whose union is 
dense in X, then IJ^^i^niXn) is dense in T(X). 

Lemma 6.8. Let A be a Borel subset of a Banach space X. 
Then the set {7 G T{X); ^f^7~i(A) = 0} is Borel. 

The result from [6l Theorem 4.8] comes as follows. 

Theorem 6.9. The following spaces have the property that every Lipchitz mapping of them 
into space with the RNP is Frechet differentiable everywhere except a T-null set: C{K) for 
countable compact K, subspaces of cq. 

Let us first focus on the set property "to be F-null". For those purposes we give the 
following lemmas. 
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Lemma 6.10. Let X be a finite dimensional Banach space and let {xi, . . . ,Xn} be basis of 
X. Then for every k (z OJ, 

Proof. For every /c € w, 7 G Tk{X) and t G [0, 1]^ there are unique numbers 71 (t), . . . ,Jn{t) 
such that 7(t) = X]r=i It is easy to verify that for every i € {1, . . . , n} the mapping 

7, is an element of rfc(M) and that Dj^{t) = Ylll=i Dj'yi{t)xi whenever j £ {1, . . . ,k} and 
t € [0, l]^ Thus, Tk{X) = {Eti^iXi; li e rfe(M)}. □ 

Lemma 6.11. Let X be a separable Banach space with a countable dense set D. Then 

T{X) = {YJl=iliX^- 7, G Tnm,Xi eD,ne N}. 

Proof. Let us denote by either the dimension of X if it is finite, or = N if X is infi- 
nite dimensional. Then take a countable linearly dense set {xn}n£N C D which is linearly 
independent. Denote by X^ the subspace span{xi;i < n}. Then according to the preceeding 
lemma and lemma [6771 the set {Yli=ili^i'i 7« ^ r„(M), n G N} is dense in T{X). □ 

Remark 6.12. The preceeding lemma holds even in the case when X is non-separable (with 
uncountable set D := X). This is because the range of every 7 G r(X) is separable. Thus, 
considering that 7 G r(span{Rng(7)}), we may use the result for separable spaces. 

Lemma 6.13. For a suitable elementary submodel M the following holds: 

Let X be a Banach space. Then whenever M contains X and {Tn{X)}'^^i, it is true that 

T{X) n M = r{XM) 

Proof. Let us fix a (*)-elementary submodel M containing X, {r„(M)}^]^ and {Tn{X)}'^^-^ 
(it is not necessary to mention the set {r„(M)}^]^ in the assumptions of the lemma as it 
does not depend on the space X - see Convention on the paged]). Then, according to the 
proposition ESI T{X) n M C r(XM); consequently, T{X) (1 M C T{Xm)- 
For the other inclusion, denote for every n G N 

■■= {E'l=ll^Xi■, 7i G rn{R),Xi G X R M}. 

Using the preceeding lemma, it is sufficient to show that for every n G N, An C r(X) n M. 
Let us fix n G N. Using the absoluteness of the formula (for every n G N the formula is the 
same - what does change is the free variable r„(M) in it) 

(*) {3D)(D is countable and dense in r„(M)), 

we may find a countable set D £ M such that D is dense in r72(-^)* Besides that, whenever 
7o G r(i2) n M and E X f\ M, than 70X0 is a function uniquely defined by the formula 

(*) (3/ G r„(x))(vt G [0, i]")(/(t) = 7o(t)^o); 

consequently, 70X0 G M. As the space T{X) n M is Q-linear, it is true that {Y^^=i liXV, li £ 
D,Xi e X r\ M] C T{X) n M. It is easy to verify that this subset of T{X) n M is dense in 

An. □ 

Remark 6.14. The preceeding lemma is interesting by itself. Observe, that combining it with 
the results from previous sections we get, that for every suitable elementary submodel and 
for every set A C r(X) contained in M it is true that A is dense (resp. nowhere dense) in 
T{X) if and only if yl n V{Xm) is dense (resp. nowhere meager) in T{Xm)- When A has the 
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Baire property, then the same equivalence holds for the residuality of A. This result gives 
us separable subspaces with properties that were not achieved in [7] using the technic of rich 
families (see [Tj Lemma 5.6.1]). 

Corrolary 6.15. For a suitable elementary submodel M the following holds: 

Let X be a Banach space. Then whenever M contains X, {r„(M)}5^^ and a Borel set A, it 

is true that 

A is T-null in X ^ Af] X^j is T-null in Xm- 

Proof. Let us fix a (*)-elementary submodel M containing X, {Tn{M)}'^^^} and a Borel set 
A. Then, using the lemma ED and ElSl {7 G T{X); ^^-/'^{A) = 0} is residual in r{X) if 
and only if {7 G T{Xm); n Xm) = 0} is residual in t[Xm). □ 

Using the preceeding results, we can put forward the promised extension of the theorem 

El 

Theorem 6.16. The following spaces have the property that every Lipchitz function of them 
into space with the RNP is Frechet differentiable everywhere except a T-null set: C{K) for 
scattered compact K, subspaces o/co(r), where T is an arbitrary set. 

Proof. Let us have a space X from the assumptions (either X = C{K) for scattered compact 
or X d co(r)), a Banach space Y with RNP and a Lipschitz function f : X ^ Y . 
Using the preceeding corrolary 16.151 and the theorem 15. 7^ choose an elementary submodel M 
satisfying: 

• Xm is a separable subspace of X 

• / is Frechet differentiable everywhere except a F-null set in X if and only if / \xm is 
Frechet differentiable everywhere except a F-null set in Xm 

If X = C{K), then choose (using lemma [33]) such an elementary submodel M, that in 
addition it holds that Xm = C{K/m), where K/m is metrizable compact and a continuous 
image of K. From the lemma [6^ it follows that K/m is a countable compact. Then from the 
theorem 16.91 it follows that / \xm is Frechet differentiable everywhere except a F-null set in 
Xm, so / is Frechet differentiable everywhere except a F-null set. 

If X = co(F), then Xm is a separable subspace of X, so Xm is a subspace of cq. Then, 
using the same arguments as above, / is Frechet differentiable everywhere except a F-null 
set. □ 
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helped to prove the lemma [6.131 

References 

[1] J.M.Borwein, W.Moors: Separable determination of integrability and minimality of the Clarke subdiffer- 

ential mapping, Proc. Amer. Math. Soc. 128 (1999), 215-221 
[2] A.Dow: An introduction to applications of elementary submodels to topology, Topology Proc. 13 (1988), 

17-72 

[3] W.Kubis: Banach spaces with projectional skeletons, J. Math. Anal. Appl. 350 (2009), no. 2, 758-776. 
[4] K.Kunen: Set Theory, Stud. Logic Found. Math., vol. 102, North-Holland Publishing Co., Amsterdam, 
1983. 

[5] K.Kuratowski: Topology, vol. 1, Academic Press, New York, 1966. 

[6] J.Lindenstrauss, D.Preiss: On Frechet differentiability of Lipschitz maps between Banach spaces, Annals 
of Math. 157 (2003), 257288. 



SEPARABLE REDUCTION THEOREMS BY THE METHOD OF ELEMENTARY SUBMODELS 



27 



[7] J.Lindenstrauss, D.Preiss, J. Tiser: Frechet differentiability of Lipschitz functions and porous sets in 

Banach spaces, monograph in preparation 
[8] W.Moors, J.Spurny: On the topology of pointwise convergence on the boundaries of Li-preduals, Proc. 

Amer. Math. Soc. 137(4) (2009), 1421-1429. 
[9] L.Zaji'cek: On sigma-porous sets in abstract spaces, Abstract and AppL Analysis 2005:5, 509-534. 
[10] L.Zaji'cek: Frechet differentiability, strict differentiability and subdifferentiability, Czechoslovak Math. J. 

41(116) (1991), 471-489. 

[11] L.Zaji'cek: Generic Frechet differentiability on Asplund spaces vta a.e. strict differentiability on many 
lines, preprint 
E-mail address: cuthm5ain@karlin.mff.cimi.cz 



Charles University, Faculty of Mathematics and Physics, Sokolovska 83, 186 75 Praha 8 
Karli'n, Czech Republic 



